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Time-of-Flight Analyses for the Gravitational
Capture Maneuver

Ernesto Vieira Neto* and Antonio Fernando Bertachini de Almeida Prado’
Instituto Nacional de Pesquisas Espaciais, Sao José dos Campos SP-12227-010, Brazil

Several aspects of the time of flight involved in the problem of gravitational capture in the regularized, restricted
three-body problem are studied. A gravitational capture occurs when a massless particle changes its two-body en-
ergy around one celestial body from positive to negative without the use of nongravitationalforces. The importance
of several parameters involved in a capture in the Earth-moon system is studied. In particular, the time required for
the capture is studied under different initial conditions. This information is very important for mission designers
for two reasons: 1) the time for gravitational capture has an impact in the duration of any mission that uses this
technique; and 2) the gravitational capture is a very sensitive phenomenon and, if the time involved is too large,
perturbations from different sources may influence the mission too much. The results show the existence of regions
where the time for the capture is reduced by a factor close to 10 with an adequate choice of initial conditions,
without the reduction of the energy savings. In addition, the results are used to solve a family of optimization
problems, such as the problem of finding trajectories that can perform a gravitational capture in a minimum time
with a fixed savings or with maximum savings with an upper time limit.

Introduction

HE problem of gravitational capture in the regularized, re-

stricted three-body problem is studied. For gravitational cap-
ture a phenomenon in which a massless particle changes its two-
body energy around one of the primaries from positive to negative
is understood. This capture is always temporary and, after some
time, the two-body energy changes back to positive and the mass-
less spacecraft leaves the neighborhood of the primary. Excellent
studies of this problem are available in Refs. 1-3. The importance
of this temporary capture is that it can be used to decrease the fuel
expenditure for a mission going from one of the primaries to the
other, as in a mission going from the Earth to the moon. The goalis
to apply an impulse to the spacecraft during this temporary capture
to accomplisha permanentcapture. Because the goal of this impulse
isto decreasethe two-body energy of the spacecraft,its magnitudeis
smaller if it is applied during this temporary capture. An important
application of this capture can be found in a special type of trajec-
tory to the moon that consists of a sequence of maneuvers to send
a spacecraft from the Earth to the moon with a fuel consumption
smaller than the fuel required by the Hohmann transfer3~'° This
maneuver is better described in the next sections.

The calculationof the time required to achieve a gravitationalcap-
ture is emphasizedin this paper. To perform this task, a large number
of trajectories starting close to the secondary body are numerically
integrated backward in time. The initial position and velocity of the
spacecraftarechanged,anditis verified if an escape occurs forevery
set of initial conditions. Remember that an escape in backward time
is equivalent to a capture in forward time. Then, the time elapsed
until the escape occurs is shown as a function of all of the param-
eters involved in this maneuver. From those results it is possible to
study the balance between the time required for the capture and the
energy saved for each maneuver.

Mathematical Model and Some Properties

The model used in all phases of this paper is the well-known
planar, circular, restricted three-body problem. This model assumes
that two main bodies M| and M, are orbiting their common center of
massincircularKeplerianorbits and a thirdbody M3, with negligible
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mass, is orbiting these two primaries. The motion of M3 is supposed
to stay in the plane of the motion of M| and M,, and it is affected by
both primaries, but it does not affect their motion.!! The standard
canonical system of units associated with this model is used. (The
unit of distanceis the distance between M, and M,, and the unit of
time is chosen such that the period of the motion of M, around M,
is 27r.) Under this model, the equations of motion are
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and x and y aretwo perpendicularaxes with the originin the center of
mass of the system, with x pointing from M; (which has coordinates
x = —up and y = 0) to M, (which has coordinatesx = 1 — u and
y=0).

One of the most importantreasons why the rotating frame is more
suitable to describe the motion of M; in the three-body problem is
the existence of an invariant, which is called the Jacobi integral (or
energy integral). There are many ways to define the Jacobi integral
and the reference system used to describe this problem (see Ref. 11,
p. 449). In this paper the definitions used by Broucke'? are followed.
In this version, the Jacobi integral is given by

J = %(}&2 + 3% — Q(x, y) = const 3)

The equations of motion given by Eq. (1) are correct, but they are
notsuitable fornumerical integrationin trajectoriespassingnear one
of the primaries. The reason is that the positions of both primaries
are singularities in the potential U (because r| or r, goes to zero or
near zero) and the precision of the numerical integration is affected
every time this situation occurs.

The solution for this problem is the use of regularization, which
consistsof a substitutionof the variablesfor positionx —y and time ¢
by another set of variables (w;, w,, 7), such that the singularitiesare
eliminated in these new variables. Several transformations with this
goal are available in the literature (Ref. 11, Chap. 3), such as those
of Thiele-Burrau, Lemaitre, and Birkhoff. They are called global
regularization to emphasize that both singularities are eliminated at
the same time. The case where only one singularity is eliminated
at a time is called local regularization. For the present research,
Lemaitre’s regularizationis used.
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Gravitational Capture

To define the gravitationalcapture, it is necessary to use two basic
concepts from two-body celestial mechanics. These concepts are as
follows.

1) A spacecraft is in a closed orbit if its velocity is not large
enough to escape from the central body. It remains always inside a
sphere centered in the central body.

2) A spacecraftis in an open orbit if its velocity is large enough
to escape from the central body. In this case the spacecraft can go
to infinity, independent of its initial position.

To identify the type of orbit of the spacecraft, it is possible to
use the definition of the two-body energy E of a massless particle
orbitinga central body. The equationis E = (V2/2) — (u/r), where
V is the velocity of the spacecraft relative to the central body in a
nonrotating frame, w is the gravitational parameter of the central
body, and r is the distance between the spacecraft and the central
body.

With this definition, it is possible to say that the spacecraft is
in an open orbit if its energy is positive and that it is in a closed
orbit if its energy is negative. In the two-body problem this energy
remains constant, and it is necessary to apply an external force to
change it. This energy is no longer constant in the restricted three-
body problem. Then, for some initial conditions, a spacecraft can
alternate the sign of its energy from positive to negative or from
negative to positive. When the variation is from positive to negative
the maneuver is called a gravitational capture, to emphasize that
the spacecraft was captured by gravitational forces only, without
the use of an external force, such as the thrust of an engine. The
opposite situation, when the energy changes from negative to posi-
tive, is called a gravitationalescape. In the circular, restricted three-
body problem there is no permanent gravitational capture.'>~1* If
the energy changes from positive to negative, it will change back to
positive in the future. The mechanism of this capture is very well
explainedin Refs. 1-3.

Trajectories to the Moon Using Gravitational Capture

One of the most important applications of the gravitational cap-
ture can be found in trajectories to the moon.>~!® The concept of
gravitational capture is used together with the basic ideas of the
gravity-assisted maneuver and the bielliptic transfer to generate a
trajectory that requires a fuel consumption smaller than the one
required by the Hohmann transfer. This maneuver consists of the
following steps. 1) The spacecraftis launched from an initial circu-
lar orbit with radius ry to an elliptic orbit that crosses the moon’s
path.2) A swing-by with the moon is used to increase the apoapsis
of the elliptic orbit. This step completes the first part of the bielliptic
transfer, with some savings in AV due to the energy gained from
the swing-by. 3) With the spacecraft at the apoapsis, a second very
small impulse is applied to raise the periapsis to the Earth-moon
distance. Solar effects can reduce further the magnitude of this im-
pulse. 4) The transfer is completed with the gravitational capture of
the spacecraft by the moon. Using this technique, it is possible to
obtain a practical result (savingsin AV') from a temporary property
of the dynamical system (the temporary gravitational capture).

Results

To quantify the gravitational captures, this problem is studied
under several differentinitial conditions. The assumptions made for
the numerical examples presented in the first part of this section
are as follows. (Some of them are changed later, to generalize the
results.)

1) The system of primaries used is the Earth-moon system. (Some
fictitious systems are used later to generalize the results.)

2) The motion is planar everywhere because the out-of-plane
capture cannot achieve larger savings?

3) The starting point of each trajectoryis 100 km from the surface
of the moon (r, = 1838 km from the center of the moon). Then,
to specify the initial position completely, it is necessary to give the
value of one more variable. The variable used here is the angle «, an
angle measured from the Earth-moon line in the counterclockwise
direction and starting on the side opposite to the Earth (Fig. 1).
(Different values of r,, are used later to generalize the results.)
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4) The magnitude of the initial velocity is calculated from a given
valueof C3 = 2E = V>—(2u/r) , where E is the two-body energy
of the spacecraft with respect to the moon, V is the velocity of the
spacecraft with respect to a nonrotating frame,  is the gravitational
parameter of the moon, and r is the distance between the spacecraft
and the center of the moon. The direction of the velocity is assumed
to be perpendicular to the line spacecraft-center of the moon and
pointing in the counterclockwise direction for a direct (posigrade)
orbit and in the clockwise direction for a retrograde orbit (Fig. 1).

5) To consider that an escape occurred, it is requested (following
the conditionsused in Refs. 1-3) that the spacecraftreach a distance
of 100,000 km (0.26 canonical units) from the center of the moon
in a time shorter than 50 days. The value for the distance comes
from the equation for the limit = (2u)'/?, which is well explained
in Ref. 2. Figure 1 shows the point P where the escape occurs. The
angle that specifies this point is called the entry position angle, and
itis designatedas 8. There is also a check to verify that a crash into
the moon did not happen.

Then, for each initial position, the trajectories were numerically
integrated backward in time. Every escape in backward time corre-
sponds to a gravitational capture in forward time. The time of flight
until an escape occurs is obtained. The stopping criterion for the
numerical integration is the one that comes first among the three
possibilities: the time is longer than 50 days, the distance from the
moon is greater than 100,000 km, or the distance from the moon
is smaller than 1738 km (the moon radius). The numerical sim-
ulations were performed in an IBM-PC Pentium 100 MHz using
the Microsoft Fortran Powerstation 1.0. The numerical integration
method used is fourth-order Runge-Kutta. Then, the results are or-
ganized and plotted in several figures. The time of flight for escape
in all of these figures is expressed in canonical units, which means
that 1 unit of time is equivalent to 4.46 days. The next subsections
detail the results.

Preliminary Analysis

This problem involves the restricted three-body problem, and it
is well known in the literature that very few analytical results are
available for this problem. The alternative thatis availableis the use
of numerical simulations, combined with some analysis made with
the two-body approximation.

To perform a preliminary analysis of this problem, the value of
the minimum energy that allows an escape was calculated for every
initial angle . Plots of the minimum value of C3 vs o were made,
and they confirm the resultsobtainedpreviouslyby Yamakawaetal.!
The results are not repeated here to save space. The most interesting
conclusionis the existence of angles that provide maximum saving,
such as the interval 150 < o < 200 deg, and that a direct orbit
usually provides more savings than a retrograde orbit.

Then, the results available in the literature were generalizeda bit,
and the effects of the variation of the initial distance r, from the
moon were considered. Plots of the magnitude of the minimum C3
(radial variable) as a function of the departure angle o (angular vari-
able) for several values of the initial distance were made. Figure 2
shows the results. To build Fig. 2, « was varied in steps of 5 deg.
Figure 2 is separated into two parts: the first one shows the results
when r), is close to the surface of the moon (1838-21,838 km), and
the second one shows the regions more distant from the surface of
the moon (21,838-51,838 km). In the first plot is possible to see
that, when r, increases, C3 decreases. It also appears that the plots
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Fig.2 MinimumC3 vs « for different values of r,: top—#, 1838 km; e,
11,738 km;and A,21,738 km; and bottom—ma, 21,738 km; e, 31,738 km;
A, 41,738 km; and o, 51,738 km.

rotate in the clockwise direction when r, increases. But, for the
second diagram, when r,, is greater than 21,738 km the results are
more confounding. Probably the influence of the Earth gravitational
force disturbs the experiment. Therefore, there is no general rule to
govern these effects.

Influence of the Parameters in the Time Required for Capture

In this section, the numericaltools developedare used to study the
influence of the parameters that govern this problem. These parame-
ters are the system of primaries involved, specified by the parameter
1; the distance from the spacecraftto the secondary body in the mo-
ment that the impulse is applied to complete the maneuver (r,,); the
energy C3 of the spacecraft at this moment; the direction of the
velocity at this point (it is assumed to be perpendicularto the radius
vector, butitis free to be posigrade or retrograde); and the departure
angle « (Fig. 1). The simulations showed the following results.

Effects of the Mass Parameter

Several simulations were made to study the influence of the mass
parameter in the time required for the capture. This particular pa-
rameter brings a new difficulty into the problem. The value of the
maximum savings increases greatly when the mass parameter in-
creases. Thus, studyingthis problemfora fixed valueof C3 ~ —0.2,
that is, close to the maximum saving for © = 0.01, makes the time
required for the capture to be close to zero for different values of
(u = 0.3,0.5, etc.). Then, the method used in this paper to solve
this problem s to find and use a value of C3 that is close to the limit
(minimum value that allows a gravitational capture) for a given .
The comparison is made using a fixed value of r, = 0.004781477
in canonical units, a posigrade direction for the velocity, and the
value of C3 that is the one that gives the maximum saving for a
given p. The results showed that there is no general trend for the
variation of this parameter. There are very large oscillations in the
time required and, for every value of «, there is a different value
of the mass parameter that holds the minimum time. This oscilla-

Time (canonical units)
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Fig. 3 Time of flight vs o for different values of r,: m, 1837 km; o,
2738 km; A, 6738 km; O, 11,738 km; and o, 21,738 km; C3 = — 0.17.

180°

Fig.4 Time of flight vs o for C3 =— 0.14.

tory behavior is due to the necessity of changing the values of C3,
as explained in the beginning of the present section. The effect of
this parameter is studied only for completeness, and it is not a key
parameter for practical applications because in a real mission the
system of primaries is always fixed in advance.

Effects of the r),

To study the importance of this parameter, simulations were made
for the Earth-moon system (. =0.0121285627) and for the posi-
grade direction of the velocity. The parameter r, was varied over a
wide range of values (1838 <r, <21,738 km) for several values
of C3. Figure 3 shows the results obtainedin the case C3 = —0.17.
Simulations with a step of 1 deg in o were used. The first fact to be
noted is that the results for r, = 1838, 2738, and 6738 km are very
similar to each other. This means that changing this parameter in a
range of values close to the moon does not have a significant impact
on the time required for the capture. There are exceptions in only
a few points. Increasing this parameter to the values r, = 11,738
and 21,738 km, it is possible to see an increase in the time of flight.
The amount of this increase changes according to the value of «.
In the maximum case, it reaches the level of three times larger than
the value obtained with r, = 2738 km. This situation occurs when
« is between 50 and 200 deg. Thus, the general conclusion is that
the increase of r, has the effect of increasing the time for capture,
but this effectis visible only for r, > 10,000 km.

Effects of Departure Angle a

Thisis a very important parameterin this problem becauseit has a
strong impact in the savings obtained for the maneuver. Simulations
to measure the time of flight as a function of « were made for several
values of C3 in therange —0.2 < C3 < 0. Figure 4 shows the results
obtained for C3 = —0.14. Figure 4 was built using a step of 0.1 deg
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in o, and it is representative of the others. The radial distance rep-
resents the time, and the angular variable represents «. The ratio
between the higher and the lower values is of the order of 10. The
minimum times belong to the regions 120 < o < 180 deg and 300 <
o <360 deg. These results lead to the most important conclusion
of this section. They show that it is possible to obtain a minimum
time of flight that is 10 times shorter than the maximum withoutany
reductionin the savings because C3 is kept constant. The only task
that has to be performed is to find the value of « that allows these
savings in time. This information can be obtained from Fig. 4.

Effects of Direction of Velocity

Several simulations were made, keepingconstantthe mass param-
eter (u = 0.0121285627) and the periapse distance (r, = 1838km)
and changing the values of C3 (—0.2 < C3 < 0) for posigrade and
retrograde orbits. The orbit is called posigrade when the initial ve-
locity is counterclockwiseand retrograde when it is clockwise. The
simulations showed that, for values of C3 in the first half of the in-
terval considered (—0.1 < C3 < 0), in the majority of the domain
(values of «) the time of flight required for the capture is almost
independent of the direction of the velocity. A significant differ-
ence occurs only in very specific positions (30 < @ < 70 deg and
220 < @ < 260 deg) and, in those cases, the posigrade orbits have
a smaller value for the time of flight. But, for the most important
cases (C3 about —0.2), where the savings are close to the maxi-
mum, there are significant differences in the time required for the
capture for almost all of the values of «. Figure 5 shows the result
for C3 = —0.17. It was built using a step of 1 deg in «. It is clear
that the posigrade orbits require a smaller time for the capture for
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Fig. 5 Time of flight vs o for a posigrade and a retrograde orbit: m,
posigrade and e, retrograde.

all values of «. The ratio of those times (time required for the retro-
grade orbits divided by the time required for the posigrade orbits)
can reach three in the region 130 < o« < 180 deg in the second
plot. The posigrade (direct) orbits holds all of the minimums. When
C3 approaches the value of —0.2, the occurrence of retrograde or-
bits decreases faster than the occurrence of posigrade orbits. In this
situation, the posigrade orbits dominate the plots, and they are the
only choice in a large portion of the domain. In the small parts of
the domain that have retrograde orbits, the differencein the time for
capture increases.

Effects of C3

This is also a very important topic of investigation. To perform
this research, simulations were made keeping © = 0.0121285627
and the direction of the velocity posigrade. A set of simulations
was performed in the interval 0 < o < 360 deg. This study is to
quantify numerically the balance that exists between consumption
of fuel and time required for the maneuver. The approach to solve
this problem is the following. A value of C3 is fixed, and then
a plot of the time of flight vs « is made. From this simulation, the
minimum value of the time of flight is found. Repeating this process
for several values of C3 it is possible to build Table 1, which shows
the maximum magnitude of C3 obtained for every value of time of
flight. The values of & and AV saved (in canonical units) are also
shown in Table 1. Figure 6 shows these results in graphic form for
r, = 1838 km. The expected result, that an increase in the savings

Table1 Savingsin minimum time (canonical units)

Time o C3 Savingsin AV
0.49 309 0 0.00000
0.5 310 0.01 0.00222
0.51 311 0.02 0.00444
0.52 312 0.03 0.00667
0.53 315 0.04 0.00890
0.54 319 0.05 0.01113
0.56 314 0.06 0.01336
0.57 320 0.07 0.01559
0.59 318 0.08 0.01783
0.61 318 0.09 0.02007
0.63 319 0.1 0.02231
0.65 322 0.11 0.02455
0.68 321 0.12 0.02680
0.71 323 0.13 0.02905
0.74 327 0.14 0.03130
0.78 331 0.15 0.03355
0.84 328 0.16 0.03580
0.91 329 0.17 0.03806
1 333 0.18 0.04032
1.14 337 0.19 0.04258
1.41 340 0.2 0.04484
3.32 345 0.21 0.04711
n
0.20 =
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u
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Fig.6 Minimum time of flight vs C3 for r, = 1838 km.
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obtained causes an increase in the time of flight, is quantified in
the plot. Several other simulations changing the values of r,, not
shown here, were made, and it was possible to conclude thatr,, is a
parameter that has little effectin this problem. Itis also evidentfrom
Table 1 that the regions where the minimums are found are always
in the region close to the interval 309 < « < 345 deg. These results
can be used to solve some practical optimal problems, as explained
in the next section.

Optimal Problems

Several families of optimal problems can be solved using the
results obtained in this research. Two families of these problems are
discussed.

1) Suppose that it is required to design a trajectory that ends in a
gravitational capture for a given system of binaries and for a fixed
value of r,. Assume that these values are u = 0.0121285627 (the
Earth-moon system) and r, = 0.004781477 (which represents an
altitude of 100 km above the surface of the moon). The requirement
in this problem is that the trajectory uses the minimum amount of
time possiblebutkeepinga fixed value of C3 = —0.14. Figure 6 and
Table 1 can be directly used to solve this problem. From Fig. 6, it is
possibleto see thatthe time of flightis 0.74 in canonicalunits. Table 1
shows that the value of « that generatesthis situationis « =327 deg.
Itisalsoshownthatthe savingin AV obtainedis 0.031296canonical
units. Figure 7 shows the trajectory of the spacecraft, as seen from
the rotating frame of reference. This type of problem can be solved
for different values of u, r,,, C3, etc. Similar situations with more
degrees of freedom (a free value of r,, for example) can also be
solved using the same technique.

2) Another variant of the optimal problem that can be solved with
the datashownis the problem of searchingfora trajectorythatallows
the maximum savings subjectto a inequality constraintin time (time
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Fig.8 Trajectory that solves second optimal problem.

requiredforthe captureless thana specified limit). Figure 6 can solve
this problem. It is possible to read the time limit in the horizontal
axis and then find the value of C3 that is obtained in the vertical
line. Suppose that the same binary system (Earth-moon) and r, =
0.004781477 are used and that the limit in time is 0.8 in canonical
units. Then the maximum savings that can be obtained corresponds
to C3 = —0.15. Table 1 gives the value of « = 331 deg. Figure 8
shows the trajectory obtained, as seen from the rotating frame.

Conclusion

This paper studied the gravitational capture in the regularized,
restricted three-body problem. The preliminary results confirmed
the results found previously in Refs. 1-3 that showed the character-
istics and importance of this problem for Earth-moon transfers. A
detailed, new study of the time of flight required for the gravitational
capture was performed. The importance of each individual parame-
ter was studiedin detail. Windows with short time for capturethatare
very pronounced for values of C3 close to the minimum (& —0.2)
were found. Some blank regions, where gravitational capture is not
possible, were also found. Optimal problems, such as finding tra-
jectories that end in gravitational capture with minimum time or
maximum savings, are also solved using the results availablein this
paper. Those results are important to mission designers willing to
use this type of maneuver in real missions.
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